In this paper computationally easy explicit constructions of sequences of irreducible and normal monic polynomials over finite fields of odd characteristic are presented.
Introduction
We continue investigations of recurrent construction of irreducible and normal polynomials over a finite field of odd characteristic that we had begun in [3] . We describe possible quadratic transformations over the field F q , where q is an odd prime power, of the form P (x) → (dx 2 + rx + h) n P ax 2 + bx + c dx 2 + rx + h into the ring F q [x] , allowing to construct explicitly irreducible polynomials of a higher degree from a suitably chosen irreducible monic polynomial P (x) = Proposition 1 (Kyuregyan [3, Theorem 2] ). Let q be an odd prime power, P (x) = x 1 be an irreducible polynomial of degree n 1 over F q , and ax 2 + bx + c and dx 2 
Using this proposition, in [3] we have proposed recurrent methods of constructing sequences of irreducible polynomials.
We continue to investigate the case r 2 = 4dh in this paper. The methods of construction of irreducible polynomials proposed here do not require condition (1) (ah) 2 + (cd) 2 + acr 2 + b 2 dh − bcdr − abhr − 2acdh to be square in F q and the element A to be non-square. The new restrictions imposed are: (r 2 − 4dh)(b 2 − 4ac) = 0 and br = 2(cd + ah) and B = (4hd − r 2 ) n g P b 2 − 4ac 4hd − r 2 is non-square in F q , where g P (x) is the minimal polynomial of the element 2 in F q for a root of the initial polynomial P (x) which, in case of our restrictions on P (x), can be found explicitly (see Proposition 3) . There is no restriction on the degree of the initial irreducible polynomial P (x), unlike the methods in [3] .
We begin with definitions and preliminary results in Section 2.
In Section 3 we prove some results on the irreducibility of a composition of polynomials which are essential, along with Proposition 3, for the construction of irreducible polynomials presented further.
In Section 4 we present three different methods of recurrent constructions of sequences of irreducible polynomials. Section 4.1 is devoted to the case a, b, c, d, r, h ∈ F * q . Section 4.2 describes the case a, c ∈ F * q , r = 2a, and b = d = h = 0. In Section 4.3 the case d, h ∈ F * q , b = 2h, and a = c = r = 0 is considered. We also show that the methods in Sections 4.2 and 4.3 can be used for constructing normal and completely normal elements in a finite field of odd characteristics.
In Section 5 we summarize efficiently implementable methods of construction of sequences of irreducible polynomials and completely normal elements.
Definitions and preliminary results
Let F q be a Galois field of order q = p s , where p is an odd prime and s is a natural number, with multiplicative group F * q . Let, further, (q) denote the algebraic closure of
and ∈ (q), we define
where ( ) = q denotes the Frobenius automorphism of F q . This makes the additive group of (q) module over F q [x] . For ∈ (q), we see that ∈ F q m if and only if If for each factor r of n the conjugates of over F q r form F q r -vector space bases of F q n , then is said to be a completely normal element of F q n over F q .
A monic irreducible polynomial F (x) ∈ F q [x] is called normal or N-polynomial if its roots are linearly independent over F q . The minimal polynomial of an element in a normal basis N = { , q . . .
, which is irreducible over F q . The elements in a normal basis are exactly the roots of some Npolynomial. Hence, an N-polynomial is just another way of describing a normal basis. It is well known that such a basis always exists and any element of N is a generator of N.
We will need the following propositions:
Proposition 2 (Menezes et al. [5, Theorem 3.7] ). Let P (x) ∈ F q [x] be an irreducible polynomial of degree n and f (x) and h(x) be relatively prime polynomials from
is irreducible over F q n for some root ∈ F q n of P (x).
Define the polynomial g P (x) by
be an irreducible polynomial of degree n > 1, with at least one coefficient a 2i+1 = 0, (0 i n 2 ) and has the order e. Then the polynomial g P (x) of degree n is irreducible over F q and has the order e gcd(e, 2)
. Moreover, g P (x) is the minimal polynomial of the element 2 if is a root of P (x).
Irreducibility of a composition of polynomials
In this paper we consider only monic polynomials. Let P (x) be an irreducible polynomial of degree n over 
Then the polynomial
is monic and irreducible over F q if and only if the element B
is a non-square in F q .
Proof. Since P (x) is irreducible over F q , then it can be represented in F q n as
for ∈ F q n . Substituting ax 2 + bx + c dx 2 + rx + h for x into (5) and multiplying both sides of the relation by (dx 2 + rx + h) n , we obtain the polynomial F 1 (x) as
By Proposition 2, F 1 (x) is irreducible over F q if and only if the polynomial
The element D( ) is a non-square in F q n if and only if (D( )) q n −1 2 = −1, which is the case if and only if B defined in (4) is a non-square in F q . Indeed,
The penultimate equation holds since, by Proposition 3, g P (x) is the minimal polynomial of 2 .
Observe that since a − d is a non-zero element in F q n , we obtain
where
is irreducible over F q , which completes the proof. (
Lemma 1. Let q be an odd prime power and
be an irreducible polynomial of degree n > 1. Let ax 2 +bx +c and dx 2 +rx +h be relatively prime polynomials from
is irreducible over F q , then the polynomial F (x) has at least one non-zero coefficient
Proof. Assume the contrary, namely, that all the coefficients at the terms with odd degree in the polynomial F (x) are equal to zero, i.e.,
Let , and be roots of P (x), F (x) and f (x), respectively. Since P (x) and f (x) are irreducible polynomials of degree n over F q , then , ∈ F q n and are proper elements of F q n . Also, since F (x) is an irreducible polynomial of degree 2n over F q , then is a proper element of F q 2n . Since is a zero of F (x), then
Hence by (6) we may assume, without loss of generality, that
and, by F (x) = f (x 2 ) we may assume that 2 = . So, by (7) we obtain (r
and we may conclude that ∈ F q n , which is impossible. The lemma is proved.
Recurrent methods
Before beginning the study of methods of construction of sequences of irreducible polynomials we set up some notation and preliminary calculations, which we will use for their description throughout the paper.
Let q be an odd prime power and F 0 (x) = n u=0 a u x u be an irreducible polynomial of degree n > 1 over F q , with at least one coefficient a 2i+1 = 0, (0 i n 2 ). Let ax 2 + bx + c and dx 2 + rx + h be relatively prime polynomials from
and the element A = 4hd − r 2 n g F 0 b 2 − 4ac 4hd − r 2 is a non-square in F q . Then by Theorem 1, the polynomial
where is a root of F 0 (x), is irreducible over F q . Hence by Lemma 1, at least one term of odd degree in the polynomial F 1 (x) has a non-zero coefficient. By (9) we have that
From expressions (9) and (10) we obtain the relation
Substituting x for x 2 in the last relation, by (8) we obtain
Note that if 1 is a root of
Method 1
This method gives an iterative technique for construction of irreducible polynomials over F q , without imposing any restriction on the degree of the initial irreducible polynomial
It is easy to see that the equation adx 2 − (cd + ah)x + ch = 0 has non-zero solutions x 1 = ca −1 and x 2 = hd −1 .
Note that the relations
together with (11) imply
Now let the elements a, b, c, d, r, h satisfy (12). Then we have the following systems of equations:
and
where the elements a, c, d and h are non-zero, and (r 2 − 4dh)(b 2 − 4ac) = 0 and br = 2(dc + ah). The system in (14) has a general solution for
. Therefore, system (15) has the same general solution. Hence for z = h d , by (13), we have 
We show by induction that the polynomial F k (x) is irreducible over F q , for every k 1 and has at least one non-zero coefficient a (k,2i+1) (0 i < t k ). Also, we show that for every k 1
d is assumed to be a nonsquare in F q , then by Theorem 1, the polynomial
a (1,u) 
is irreducible over F q . Moreover, from Lemma 1 follows that the polynomial F 1 (x) has at least one non-zero coefficient a (1,2i+1) , (0 i < n). Hence, by Proposition 3, the polynomial g F 1 (x) is irreducible over F q and g F 1 (x) is the minimal polynomial of 2 1 if 1 is a root of F 1 (x). Recall that, by (16)
Since the element h d n by assumption is a non-zero square in F q , then
d is so. Next assume that, for some k 2, the polynomial F k−1 (x) is irreducible over F q and has at least one non-zero coefficient a (k−1,2i+1) (0 i < t k−1 ). Also assume that 
Using (17), we obtain
d for some c k ∈ F q , which completes the proof. 
Method 2
Now, let the elements a, b, c, h and r be the solutions of the following system of equations:
where the elements a, c, r are non-zero, and b 2 ≡ 4ac and z = − b 2 − 4ac r 2 . It is easy to see that this system has a non-zero solution only for
In case of (19) z = c a , and by (18) we have
Using these preliminary computations, one can prove the following theorem in a manner similar to Theorem 2. 
In particular, when q ≡ 3 (mod 4) and F 0 (x) = x 2 + 2x + c and a = 1, Theorem 3 is in agreement with McNay's theorem in [4] . Theorem 3, as Theorem 6 from [3] , gives a recurrent method for constructing irreducible polynomials of degree n2 k , for arbitrary integers n, k 1, over any field of odd characteristic.
The case a = c = 1 of Theorem 3 was proved by Cohen [2] under the additional assumption that n is even when q ≡ 3 (mod 4).
In the following theorem we construct completely normal elements in F q , q ≡ 1 (mod 4). In the proof we use Chapman's method to prove the normality and complete normality of elements in F q n over F q , see [1] .
Theorem 4.
Let q ≡ 1 (mod 4) be a prime power, and F 1 (x) = x 2 +bx +c a quadratic polynomial over F q , where b is non-zero, and c is a non-zero square and b 2 − 4c is a non-square in F q . Define F k (x), k 2, recursively by
Proof. First note that
is a non-square in F q because c is a non-zero square in F q and 4c − b 2 is non-square in F q . Therefore, according to Theorem 3, the polynomial F k (x), k 2, is irreducible over F q . Our first task is to show that k is a normal element of F q 2 k over F q . If is a zero of
where by the term √ c we mean a fixed square root of c inside F q . Then
We show by induction on k that Ord
By the inductive hypothesis we may assume that Ord q ( k−1 ) = x 2 k−1 − 1. It will suffice to show that Ord q ( k ) = x 2 k−1 + 1, since x 2 k−1 − 1 and x 2 k−1 + 1 are coprime and k = k−1 + k . We need the factorization of 
Lemma 2 (Meyn [6, Proposition 3]). Let q = 2 A m + 1 where m is odd and
is non-zero and is annihilated by
and as r varies, this polynomial ranges over all irreducible factors of x 2 k−1 + 1. We conclude that Ord q ( k ) = x 2 k−1 + 1 as claimed. Since F k (x), k 1 is irreducible and its roots are normal, then F k (x) is an N-polynomial.
To establish further that k , k 2, is completely normal, note that the minimal polynomial for 2 over F q 2 is h 2 (x) = x 2 − 2 1 x + c. Also, if in general the minimal
) and the above argument shows that k is normal over F q 2 . Repeating this argument, one can show that k is normal over F q 2 t for each t k, i.e., k is completely normal over F q .
Note that the case c = 1 of the previous theorem was partially solved by Meyn in [6] and later completed by Chapman [1] . Also note that the case q = 3 (mod 4), c ∈ F * q , is described by Chapman [1] .
Method 3
Let 
= z and cdz = ch hold, then from (11) we have
Let the elements b, c, d, h and r be solutions of the following system of equations: 
For d = h = 1, Theorem 4 gives the following corollary:
Corollary 2. Let q and the polynomial F 0 (x) satisfy the hypothesis of Theorem 1.
The sequence of functions (21), constructed in the above corollary, is shown to be irreducible in [3] under the following restrictions: F 0 (1)F 0 (−1) is a non-square in F q and the degree of the initial polynomial F 0 (x) is even if q ≡ 3 (mod 4).
Theorem 6.
Let q ≡ 1 (mod 4) be a prime power, and F 1 (x) = x 2 + bx + c be a quadratic polynomial over F q , where b is non-zero, and c is a non-zero square and
,
Hence g F 1 (c) is a non-square in F q because c is a non-zero square by assumption in F q and −1 is a square in F q . Therefore, according to Theorem 5 the polynomial F k (x) is irreducible over F q .
Our first task is to show that
To complete the proof one can proceed as in Theorem 4.
In the proof of the next theorem we use the following lemma.
Lemma 3 (Chapman [1, Lemma 2])
. Let q ≡ 3 (mod 4) and write q = 2 A m−1 where m is odd and A 2. Let k 2 be an integer.
where ∈ F q 2 is a primitive 2 k th root of unity.
where ∈ F q 2 is a primitive 2 A+1 th root of unity.
In the proof of the following theorem we use Chapman's method for proving the normality and complete normality of elements in F q n over F q , described in [1] .
Theorem 7. Let q ≡ 3 (mod 4) be a prime power and F 1 (x) = x 2 + bx + c quadratic polynomial over F q , where b is non-zero and c and b 2 − 4c are non-square elements in F q . Define F k (x), k 2, recursively by
Then for every k, the monic reciprocal of
is a non-square in F q , since c is a non-square and 4c − b 2 is a non-zero square in F q , while −1 is a non-square in F q , for q ≡ 3 (mod 4), and b 2 − 4c is a non-square. Hence, according to Theorem 5, the polynomial F k (x) is irreducible over F q .
We first show that does not lie in F q and it has non-zero trace b c . For k 2 let
. As in the proof of Theorem 6, it suffices to show that Ord q ( k ) = x 2 k−1 + 1. For convenience, let = k . We split into cases according to the size of k. As in Lemma 3, write q = 2 A m − 1 where m is odd.
Suppose first that k A. Then ( ) = −1 where is a primitive 2 k th root of unity. Note that ∈ F q 2 and
. 
It follows that (x
For convenience, put = 2r+1 . We calculate
It follows that (x 4 + ( 2 + −2 )x 2 + 1) • r = 0. But over F q 2 this polynomial factors
is a square root of −1. Over F q its irreducible factors are x 2 ± i( + −1 )x − 1 and it is easily seen that neither of these annihilate r . Hence Ord q ( r ) = x 4 + ( 2 + −2 )x 2 + 1 and as r varies, these polynomials are coprime and multiply together to give
Finally, suppose that k > A + 1. Let = 2 k−A−1 be the Frobenius automorphism of F q 2 k over F q 2 k−A−1 and let
where is a primitive 2 A+1 th root of unity. Note that ( ) = and ( 
. Thus by Theorem 6
k is completely normal in F q 2 and this completes the proof.
Conclusions
Let P (x) = n u=0 a u x u be a polynomial of degree n over F q . Let A and B be operators defined on the field F q (x) as follows:
, where c ∈ F * q .
Let us see whether
, where
Consider the simplest case when P (x) = x and use induction on m. Then we have 
So we have (25).
Using relation (25) and Theorem 2 from [1] and Theorems 5, 6 and 7 of this paper, we can make concluding remarks incorporated into the following theorem. 
